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This paper develops a model for demand-system estimations, based on a logarithmic form. The basic coefficients to estimate, therefore, are demand elasticities. To avoid certain estimation problems, and to incorporate several restrictions implied by consumer theory (namely, homogeneity, symmetry and, eventually, adding-up) , the original coefficients of the model are transformed, and the equations end up as linear functions of the own-price Marshallian elasticities of the different goods and the elasticities of substitution between those goods. The model is primarily useful for the estimation of the demands for several goods of the same industry or group of products, rather than for demand estimations of large consumption categories.
The paper is organized as follows. In section 1 we review the theoretical concept of elasticity of substitution, and its relationships with the Marshallian and Hicksian demand elasticities. In section 2 the model is presented, and in section 3 its main characteristics are compared with the ones of other alternative demand systems. In section 4 the model is applied to a database of supermarket sales of carbonated soft drinks in Argentina, and its results are tested and compared to the ones generated by the alternative demand systems. Finally, in section 5 we summarize the main conclusions of the whole paper.
The concept of elasticity of substitution
The concept of elasticity of substitution, created by Allen (1938) , measures the relative change in the ratio between the quantities of two goods consumed by a certain individual as a response to a relative change in the ratio of the prices of those goods. It is defined for a given level of the individual's utility, i.e., for a situation where that individual is located at a certain indifference curve 1 .
For two arbitrary goods i and j, consumed at quantities Q i and Q j and bought at prices P i and P j , the elastiticity of substitution between those goods (σ ij ) is defined as:
(1) .
As one of the basic implications of consumer theory, which holds for differentiable utility functions, is that price ratios are equated to marginal utility ratios, it is possible to write
(1) in the following alternative form: where U ij = U ji is the symmetric second derivative of the utility function with respect to Q i and Q j . As we can see in (3), the elasticity of substitution is a symmetric concept, which is the same whether we are measuring the substitution of good i for good j or the substitution of good j for good i.
The elasticity of substitution between goods i and j can also be related to the cross elasticities of demand for those goods. Let us consider, for example, the Hicksian demand elasticity of good i with respect to good j (ε ij ), which is defined for a given level of utility. It can be shown that:
where s j is the share of good j in consumer's total expenditure. But as the Hicksian demand elasticity and the ordinary, or Marshallian, demand elasticity (η ij ) are related in the following way by the so-called "Slutsky equation":
where η iY is the income elasticity of good i, then we can combine (4) and (5) to obtain the following alternative expression:
2 In fact, the definitions of σ ij under (1) and (2) are identical for a case of two goods. If there are more than two commodities, then the two definitions may differ. For more details about this, see Blackorby and Russell (1989) .
which is expressed in terms of an income elasticity and a symmetric substitution elasticity 3 .
As we will see, this formula will be useful to estimate a particular class of demand systems, where elasticities of substitution will be related among themselves.
The substitution elasticity demand system
Let us define a system of N demands, each of which has the following form:
where Y is consumer's income. Due to the logarithmic nature of the model, its coefficients (η ii , η ij , η iY ) are Marshallian demand elasticities.
Let us now substitute (6) into (7). What we obtain is:
.
Let us now recall that Marshallian demands are homogeneous of degree zero in prices and income, and write the corresponding restriction in elasticity form:
Substituting (6) into (9), this implies:
which, replaced into (8), generates the following demand system:
The system of N equations defined by (11), which we will call "substitution elasticity demand system" (SEDS), is a linear system whose coefficients are the own-price Marshallian demand elasticities and the elasticities of substitution between goods. As those elasticities of substitution are symmetric (that is, σ ij = σ ji ), this system displays the symmetry property, together with the homogeneity property implied by (9).
The inclusion of the homogeneity and symmetry restrictions in this demand system model reduces the number of elasticity coefficients from N⋅(N+1) to N+N⋅(N-1)/2. This is the result of the N+N⋅(N-1)/2 restrictions imposed to the system. SEDS is also capable to incorporate the so-called "adding-up restriction" of consumer theory. In order to do that, it is useful to write that restriction in a way that relates Marshallian own-price elasticities and cross-price elasticities. This form is usually called "Cournot aggregation condition", and it implies that:
Combining (9), (10) and (12), it is possible to obtain that:
and this can be substituted into (11). With this substitution we can eliminate the η ii coefficient in one of the N equations of the model 4 , and we therefore have a system with N-1 own-price elasticity coefficients and N⋅(N-1)/2 elasticities of substitution.
Characteristics of SEDS
The main characteristics of the proposed model are inherited from the fact that it is originated in a logarithmic demand system and from the restrictions imposed to it. Probably the most noticeable is that its main coefficients are direct estimates of different elasticity concepts (namely, own-price and substitution elasticities). This allows for a straightforward interpretation of its results, which is something that does not occur when we use other more indirect models.
Another characteristic of SEDS is that its equations do not come from the maximization of an explicit utility function subject to a budget constraint, but they rather are a local approximation of the results generated by an arbitrary function. This approximation is nevertheless meaningful, since the signs and magnitudes of the estimated coefficients can be tested for consistency with different postulated utility functions 5 . Due to the restrictions imposed, we know that those estimates will also be consistent with some general properties of consumer demand functions, namely homogeneity of degree zero, symmetry of the Slutsky matrix and, if included, the adding-up restriction.
Compared to a more general logarithmic demand system, the main advantage of SEDS is that it can incorporate the symmetry restriction in a very natural way. As cross-price elasticities are generally not symmetric, one of the main problems of logarithmic demand systems is that they typically violate symmetry. They also generally violate the adding-up property, unless that constraint is imposed through a set of Cournot aggregation conditions that apply to each of the equations to be estimated. Homogeneity restrictions, conversely, are easily imposed on logarithmic demands, and they are also easily included in the SEDS model.
Compared to other more sophisticated demand systems based on the so-called "flexible functional forms", SEDS has the advantage that it is more efficient in the use of information. Consider, for example, three common specifications such as the translog demand system, originated in the work of Christensen, Jorgenson and Lau (1975) , the "almost ideal demand system" (AIDS), proposed by Deaton and Muellbauer (1980) , and the "quadratic almost ideal demand system" (QUAIDS), created by Banks, Blundell and Lewbel (1997) .
They can all be thought of as part of the same family of demand systems, built upon a series of equations whose dependent variables are expenditure shares. For the case of the translog demand system, those equations have the following form:
while, for the case of AIDS, they have the following form:
where PI 1 is an arithmetic price index, and, for the case of QUAIDS, they have the following form:
where PI 2 is a geometric price index.
To fulfill the homogeneity, symmetry and adding-up properties of demand functions do not generate demand functions with constant own-price elasticities, but they can nevertheless be tested using the average elasticity values implied for the data set under analysis.
derived from consumer theory, these systems have to be estimated imposing certain restrictions on the coefficients, which are basically the following:
The imposition of those conditions, however, reduces the number of coefficients in such a way that makes one of the N equations redundant. Therefore, we end up with systems of N-1 equations, each of which has the expenditure shares of N-1 goods as their dependent variables.
In comparison with these systems whose estimation is performed using expenditure share equations, SEDS has the advantage of being more efficient. This is because it does not "lose one equation", and because it keeps the information about total quantities, instead of transforming those quantities into expenditure shares. The parameters estimated are also easier to interpret, since they are direct estimates of own-price and substitution elasticities, instead of coefficients that have to be transformed in order to be interpreted as elasticities.
The main disadvantage of SEDS with respect to the other demand systems mentioned in this section, however, is that their dependent variables are not exogenous. This is because those variables are not prices and income but transformations of those variables, which also include expenditure shares in their formulae. But as expenditure shares are based on prices and quantities, and quantities are supposed to be the consumers' decision variables, then all the variables built using expenditure share information are, at least partly, endogenous to the model. In order to obtain consistent estimations of the coefficients, therefore, it is necessary to use instrumental variables. The choice of those instrumental variables, however, is more or less obvious, since we are basing our analysis in the behavior of consumers who take prices and income as given. Using prices and income as instrumental variables, and estimating the system of equations through a method that incorporates those instrumental variables (such as two-stage least squares, or three-stage least squares), we are able to obtain a set of consistent and unbiased estimators for the elasticity coefficients embedded in the model. SEDS also provides a natural way to simplify the estimation when we are working with a set of goods that we have some additional information about. Let us imagine, for example, that we can pool the goods into different groups and classes (based on objective characteristics of those goods). We can assume, for example, that two goods that belong to the same class may have the same elasticity of substitution with respect to another good that belongs to a different class, and that hypothesis can be easily incorporated into the estimation of SEDS. In other models, those simplifications are much more difficult to handle, since they imply redefining the independent variables of the regression 6 .
Being a model that does not come from the maximization of an explicit utility function, we think that SEDS is more suitable for demand systems that include several related goods (for example, goods from the same industry) but not large consumption categories. This is the case, for example, of estimations based on supermarket scanned data for products that belong to the same industry, in which we can make the assumption that their demands are related among themselves but basically independent from the demands of other goods 7 .
In a context like that, the imposition of homogeneity and symmetry restrictions is very important, but adding-up may be less important or even inconvenient. This is because demands are supposed to be functions of income and all the available prices, and substitution patterns between goods are supposed to be symmetric. However, there is no need to assume that, when income changes, the ratio between expenditure (in those goods) and income will remain the same. Imposing an adding-up restriction is equivalent to assume that the average income elasticity of the estimated goods is equal to one, and this may not be reasonable if we are dealing with a group of goods from an industry that represents a relatively small fraction of total consumers' income.
Application to the Argentine carbonated soft-drink industry
In this section we will apply SEDS to a data set of 93 weekly observations from the Argentine carbonated soft-drink industry, during the years 2004 and 2005. That data set is proprietary. It was built by a firm that specializes in market research, using scanned data from the main supermarket chains that operate in Argentina. To avoid possible confidentiality problems, we have pooled the data into eight commodity categories. Each of them represents a particular taste and variety of carbonated soft drinks, but it includes information from several different brands and companies. The categories defined in that way are normal cola (good 1), light cola (good 2), normal lime soda (good 3), light lime soda (good 4), normal orange soda (good 5), light orange soda (good 6), normal grapefruit soda (good 7) and tonic 6 There is a version of the AIDS model, called PCAIDS, which essentially makes an assumption like that. In order to incorporate that assumption to an econometric model, however, it is necessary to multiply and divide the coefficients by the expenditure shares of the goods under analysis, and this implies a change in the specification of the model itself. For more details about PCAIDS, see Epstein and Rubinfeld (2002) . 7 The use of SEDS to estimate the demands for several goods of the same industry also makes convenient to define expenditure shares as the ratio between the expenditure on each good and the total expenditure in the group of goods whose demands are estimated. Using a measure of expenditure shares that relates expenditure on each good to total consumers' expenditure in every good of the economy, conversely, may generate a problem of water (good 8).
For each of the goods in our database we have price and quantity data. Quantity is measured in liters sold in each week, while price is measured in Argentine pesos per liter, and is obtained from dividing total sales of the corresponding good by total quantity of that good.
We also have two additional variables to be included as demand shifters in all the equations.
One of them is the consumers' nominal income, estimated by multiplying the Argentine Monthly Estimator of Economic Activity (EMAE) and the Argentine Consumer Price Index (CPI) 8 . As those indices are published monthly, we had to interpolate them to obtain weekly series. The other demand shifter is the average daily maximum temperature in the Buenos
Aires area for each of the weeks of the data set, measured in Celsius degrees 9 . This is supposed to be an important determinant of soft-drinks consumption.
Other variables used in our regressions come from transforming the original variables.
The expenditure shares, for example, are the ratios between the product of price times quantity divided by total expenditure in carbonated soft drinks. The average price indices required for the estimation of the AIDS and QUAIDS models, similarly, are arithmetic and geometric means of the eight products' prices, which use average expenditure shares as weighting factors.
The main information about the data set used is summarized in table 1. In it we see INSERT TABLE 1 HERE Table 1 also contains information about market shares, calculated as the expenditure share of each good in the total sales of the database. That information shows us that the normal cola is by far the most important carbonated soft drink, with a share that oscillates measurement of the elasticities of substitution, first pointed out by Frisch (1959) . 8 The source for these two indices is the Argentine National Institute of Statistics and the Census (INDEC).
between 44% and 46%, followed by the light cola and the normal lime soda, with market shares around 15%. The next most important carbonated soft drink is the normal orange soda, with a share between 8% and 9%, followed by the light lime soda (7%) and the grapefruit soda (5%). Finally, the light orange soda and the tonic water are the two categories with the smallest consumption (around 2% each).
Although relatively stable, these market shares exhibit some changes in the period under analysis. For example, the light cola had, on average, a largest market share than the normal lime soda, but that situation was the opposite in the first and fourth quarters of the year 2005. Similarly, the tonic water had a larger market share than the light orange soda until the first quarter of the year 2005, and a smaller one in the last three quarters 10 .
The last rows of table 1 show some additional information that was used in the regression of the demand equations for the eight products under analysis. We can see, for
example, that the total quantity sold by the supermarket chains increased almost 16% between the second quarter of 2004 and the last quarter of 2005, while the economic activity of Argentina, measured by the EMAE, grew 12.5%. We can also see that the combination of the increases in price and quantity experienced by the carbonated soft drinks of our database generated an increase in total expenditure of 41% during the period under analysis.
On table 2 we report the main results of the estimation of a demand system that follows the SEDS model developed in section 2 and summarized by equation (11). To perform that estimation we used the prices and market shares of the eight goods of our database, together with our estimation of the nominal income variable (EMAE times CPI), and the natural logarithm of temperature as an additional demand shifter. We also included an autocorrelation correction in the form of an AR(1) process, which reduced the number of available observations to 92. To estimate the equations we used iterative three-stage least squares (3SLS), that achieved convergence after 63 iterations. The instrumental variables used were the logarithms of the eight prices, together with the logarithm of the nominal income and the logarithm of temperature.
INSERT water, which are the two products with the smallest expenditure shares.
INSERT TABLE 3 HERE
The Marshallian cross-price elasticities implied by our SEDS estimation, correspondingly, have also the expected positive sign, with values that range from 0.10 to 0.0036. Twenty-one of them are statistically different from zero at a 1% level of significance, six of them are statistically different from zero at a 10% level of significance, and the remaining twenty-nine are not statistically different from zero at a 10% level of significance.
In particular, we can see that the cross elasticities that correspond to the demands of the goods with the smallest market shares (light lime, normal orange, light orange, grapefruit and tonic water) tend not to be significantly different from zero.
To check if the estimates generated by the SEDS model were good and reasonable, we compared them with the ones produced by other alternative specifications. One first natural experiment was to compare them with the ones produced by other less restrictive logarithmic forms. These forms were an unconstrained logarithmic system, a logarithmic system to which we imposed N homogeneity restrictions given by equation (9), and a logarithmic system to which we imposed the same homogeneity restrictions plus N adding-up restrictions given by equation (12).
11 These results imply relatively small price elasticities, in comparison with other studies of the carbonated soft drink industry. For example, using an AIDS specification, Dahr and others (2005) find own-price elasticities for these products that vary from -2 to -4. These elasticities, however, correspond to the US market and were calculated for particular brands and not for different product categories. 12 To estimate if these elasticities were statistically different from zero, we first calculated their implicit standard deviations, using the standard deviations of the parameters estimated by the model. We then calculated their corresponding t-statistics, and obtained the p-values for a situation with 676 degrees of freedom (that is, 92 observations times 8 equations minus 60 coefficients).
The main results of these three alternative specifications appear on the first three columns of table 4. In it we see that the unrestricted logarithmic and homogeneous logarithmic regressions generate very poor estimations of the own-price elasticities of the different carbonated soft drinks, since only one of the eight estimated coefficients is significantly different from zero at a 5% level of probability (and that is the same coefficient in both cases: the own-price elasticity of the grapefruit soda). We also see that one coefficient, which corresponds to the own-price elasticity of the light lime soda, displays the wrong sign in both estimations 13 .
INSERT TABLE 4 HERE
When we move to the estimates generated by the logarithmic specification that includes both the homogeneity and adding-up restrictions, which appear on the third column of All logarithmic models produce relatively high R 2 coefficients in most equations. As we expect, these coefficients are generally higher in the unrestricted model, and a bit lower in the homogeneous one. In the homogeneous model with adding-up restrictions they are even lower, and this is particularly noticeable for the case of the equations that represent the demand functions of light cola and light lime soda. Compared to the R 2 coefficients generated by the SEDS regressions, moreover, they are lower in seven out of eight equations. This is particularly noticeable since the homogeneous model with adding-up restrictions is a model with 80 coefficients, while SEDS is a model with only 60 coefficients.
To compare the goodness of fit of the different models we have also estimated the systems' R 2 coefficients, based on the methodology proposed by McElroy (1977) . Comparing those coefficients among themselves we can conclude that the SEDS model performs only slightly worse than the unrestricted and homogeneous logarithmic models (that are models with 96 and 88 coefficients, respectively), but better than the homogeneous logarithmic model with adding-up restrictions.
The next alternative specification whose results are reported on table 4 is a variety of the SEDS model that includes one adding-up restriction given by equation (13). Its results, obtained after performing iterative 3SLS regressions, are relatively similar to the ones generated by the SEDS model without the adding-up restriction, with the particularity that the estimated own-price elasticities are higher. The estimated substitution elasticities, not reported on table 4, are also higher in general, and they all display the right positive sign and are statistically different from zero at any reasonable level of significance. The only weakness of this model seems to be its goodness of fit, since the estimated R 2 coefficient of the system is considerably lower than the one produced by the SEDS model without the adding-up restriction. This may be due to the fact that imposing that restriction is equivalent to force the average income elasticity of the eight goods to be equal to one. This may generate a relatively high distortion, considering that our previous estimates for those income elasticities were on the range between 0.76 to 0.81.
The last three columns of table 4 show the results produced by the three flexible functional forms that run expenditure share regressions to estimate the demand parameters (i.e., translog, AIDS and QUAIDS). They were all made using iterative SUR equations, and measuring income using the variable of total expenditure in carbonated soft drinks, instead of the EMAE times CPI variable used in the previous models 15 . The average elasticities reported were in all cases calculated using the following formula 16 :
and their corresponding p-values were obtained using the same method reported in footnote 8.
The R 2 coefficients obtained correspond to the seven equations of the model (that regress the expenditure shares of the first seven goods), plus the R 2 coefficient of an equation for the expenditure share of tonic water. This last coefficient was obtained from running the system again, including the tonic water share equation and excluding the normal cola one.
functions of the expenditure shares, which are endogenous to the demand systems. 15 This is a theoretical particularity of the AIDS and QUAIDS models (the translog model does not use income as an independent variable), related to the need that expenditure in all the goods whose demands are estimated adds up to the total consumer's income. We nevertheless tried alternative regressions using EMAE*CPI as a measure of nominal income and the results did not vary a lot. 16 In fact, this formula is exact only for the translog system, and it is one of the possible linear approximations for the own-price elasticity under the AIDS and QUAIDS models. For other alternative specifications, see Alston, Foster and Green (1994) .
The results produced by the translog, AIDS and QUAIDS models are relatively similar among themselves, and clearly worse than the ones generated by SEDS. The estimated elasticities display the right signs for seven out of the eight goods, but one of them (the one corresponding to the demand of light cola) is not statistically different from zero. The estimated demand elasticity whose sign is positive (light orange soda) is not statistically different from zero, either, and this is a feature that appears in the three alternative models.
Many cross-price coefficients, moreover, display wrong (negative) sings, and this is also a pervasive feature of the three models under consideration. The corresponding R 2 coefficients, finally, are not consistently higher than the ones produced by SEDS but, as expected, are always higher in the QUAIDS model, slightly lower in the AIDS model, and even lower in the translog model 17 . The system R 2 coefficients generated by the three models, finally, are smaller than the one that corresponds to the SEDS model, although, for the AIDS and QUAIDS models, they are higher than the one produced by the SEDS with the adding-up restriction 18 .
A last experiment that we performed is the one whose results appear on table 5. It consists of running alternative SEDS models with different aggregation levels for our commodities. Apart from our benchmark model with eight commodities, we also estimated a demand system for only four commodities. In it, we pooled together the normal cola and the normal orange soda to create a new composite commodity (good 1), and we did the same with the light cola and the light orange soda (good 2), the normal lime and grapefruit sodas (good 3), and the light lime soda and the tonic water (good 4). We further reduced the number of commodities to two, pooling together all the normal carbonated soft drinks (cola, lime, orange and grapefruit) to create a single composite commodity (good 1), and the light carbonated soft drinks (cola, lime, orange and tonic water) to create another composite commodity (good 2).
On one side, we ended up with a system of four equations, with four own-price elasticities and six substitution elasticities. On the other side, we have a system of two equations with two own-price elasticities and one substitution elasticity.
INSERT 17 This ranking has to do with the fact that the translog model can be seen as a particular case of AIDS (for which all β iY = 0), and AIDS can be seen as a particular case of QUAIDS (for which all λ iY = 0). 18 In fact, the use of the systems' R 2 coefficients to contrast the different models is only a relatively quick method to compare the results. For a more sophisticated analysis of this question, applied to the comparison of own-price elasticities become smaller in absolute value, and substitution elasticities become lower. This is because the redefined commodities are now poorer substitutes among themselves, and their demands must therefore be more inelastic than the ones estimated under a more precise commodity identification 19 . Table 5 also shows that all the estimated elasticities continue to display the expected signs and to be statistically different from zero at any possible level of significance.
Conclusions
The main conclusions of our analysis can be summarized as follows:
a) The concept of elasticity of substitution is a good instrument to introduce symmetry in the estimation of a system of demand functions.
b) Relying on it, it is possible to build a linear system of logarithmic demand equations whose main coefficients are own-price elasticities and substitution elasticities, which is capable of incorporating the homogeneity, symmetry and, eventually, adding-up restrictions of consumer demand theory.
c) This system of equations, which we call SEDS, has to be estimated using instrumental variables (for example, through three-stage least square regressions), since its independent variables are functions of prices, income and expenditure shares, and these shares are endogenous variables in the demand equations.
d) Despite this endogeneity problem, SEDS has some advantages over the most common demand systems based on flexible functional forms (namely, translog, AIDS and QUAIDS models), since it is more efficient and it generates estimates that are easier to handle when we want to impose additional estimation restrictions.
e) It is also better than the less restricted logarithmic models, since it is capable of incorporating the symmetry property in a way that is more consistent with consumer theory. It is also less likely to generate coefficients with the wrong sings or coefficients that are not statistically significant.
f) All this makes SEDS particularly suitable for the estimation of demand systems of products that belong to the same industry, in which we can make the assumption that their demands are related among themselves but are basically independent from the demands of other goods.
g) With this idea in mind, we have applied the model to a database of weekly observations of logarithmic and AIDS models, see Alston, Chalfant and Piggott (2002 
